A two-dimensional kagomé lattice has been theoretically investigated within a simple tight-binding model, which includes the nearest neighbor hopping term and the intrinsic spin-orbit interaction between the next nearest neighbors. By using the topological winding properties of the spin-edge states on the complex-energy Riemann surface, the spin Hall conductance is obtained to be quantized as −e/2π (e/2π) in insulating phases. This result keeps consistent with the numerical linear-response calculation and the Z2 topological invariance analysis. When the sample boundaries are connected in twist, by which two defects with π flux are introduced, we obtain the spin-charge separated solitons at 1/3 (or 2/3) filling.
A two-dimensional kagomé lattice has been theoretically investigated within a simple tight-binding model, which includes the nearest neighbor hopping term and the intrinsic spin-orbit interaction between the next nearest neighbors. By using the topological winding properties of the spin-edge states on the complex-energy Riemann surface, the spin Hall conductance is obtained to be quantized as −e/2π (e/2π) in insulating phases. This result keeps consistent with the numerical linear-response calculation and the Z2 topological invariance analysis. When the sample boundaries are connected in twist, by which two defects with π flux are introduced, we obtain the spin-charge separated solitons at 1/3 (or 2/3) filling. Over the last two decades the topological band insulators (TBIs) have been a subject of great interest in condensed matter field 1, 2 . Different from the normal band insulators, the TBIs have a prominent characteristic, which is the necessary presence of gapless edge states on the sample boundary 3, 4 . An early TBI model was proposed by Haldane 5 . Therein it was shown that the gapless edge states result in a remarkable feature of TBIs by showing a quantum Hall effect in absence of a macroscopic magnetic field. Besides the Haldane model, several other lattice models have been proposed to be the quantum Hall TBIs, which include the two-dimensional (2D) spin-chiral kagomé lattice 6, 7 and the three-dimensional (3D) distorted fcc lattice 8, 9 . All the quantum Hall TBIs rely on the breaking of time-reversal symmetry (TRS).
Recently, Kane and Mele generalized the spinless Haldane model to a spin one by adding an intrinsic spinorbit interaction (SOI) 10, 11 . The TRS is conserved in the Kane-Mele model and the gapless spin edge states in this model result in a quantum spin Hall effect. These TBIs like the Kane-Mele model keeping TRS are different from the quantum Hall TBIs, and we call them the quantum spin Hall TBIs. The quantum spin Hall TBIs have received considerable attention. One impressive example is that only one year later after its theoretical prediction to be a quantum spin Hall TBI in 2006 12 , it was proved in experiment that HgTe is an actual one 13 . One special character of the quantum spin Hall TBIs was recently attributed to their spin-charge separated excitations 14, 15 in the presence of a π flux. This attribution is motivated by the recent advance in studying 2D fractionalized quasiparticles 16, 17 , and is a straightforward result when, like what Kane and Mele 10 have dealt with Haldane's TBI, considering spins of the 2D edge soliton. The separate spinon, holon, and chargeon obey Bose statistics and the experimental measurement of these soliton excitations would provide an undoubted verification of the Z 2 topological properties of the quantum spin Hall TBIs. At present, besides the necessity for further studies to gain more insights into the nature of spin-charge separation and its connection to the other topological phenomena, obviously, it is also important to identify and study various model systems that exhibit the phenomenon of spin-charge separation. Motivated by this observation, as well as by the recent attention on the layered metal oxides as possible candidates for the quantum spin Hall TBI 18 , in this paper, we study the quantum spin Hall effect and construct spin-charge separated edge solitons in 2D kagomé lattice. Different from the previously studied kagomé TBI 6, 7, 19 whearein the presence of ferromagnetic spin chirality breaks TRS, here TRS persists and the quantum spin Hall effect occurs due to the intrinsic SOI. By using the bulk linear-response theory, as well as the topological winding numbers of the spinedge states on the complex-energy Riemann surface, we obtain the spin Hall conductance (SHC) σ s xy . The quantized value of σ s xy is −e/2π (e/2π) at 1/3 (2/3) filling. Then, we construct spin-charge separated edge solitons by introducing π fluxes with a method similar to that in Ref. 16 . The quantum statistics of these solitons is also discussed.
Consider the tight-binding model for independent electrons on the 2D kagomé lattice (Fig. 1) . The spin-independent part of the Hamiltonian is given by
where t ij =t is the hopping amplitude between the nearest-neighbor link ij and c † iσ (c iσ ) is the creation (annihilation) operator of an electron with spin σ (up or down) on lattice site i. For simplicity, we choose t=−1 as the energy unit and the distance a between the nearest sites as the length unit throughout this paper.
The Hamiltonian (1) can be diagonalized in the momentum space as
where the electron field operator ψ kσ =(c Akσ , c Bkσ , c Ckσ )
T includes the three lattice sites (A, B, C) in the Wigner-Seitz unit cell shown in Fig. 1 . H 0 (k) is a 3×3 spinless matrix given by
where
, and a 3 =(−1/2, √ 3/2) represent the displacements in a unit cell from A to B site, from B to C site, and from C to A site, respectively. In this notation, the first Brillouin zone (BZ) is a hexagon with the corners of
The energy spectrum for spinless Hamiltonian H 0 (k) is characterized by one dispersionless flat band (ǫ (0) 1k =2), which reflects the fact that the 2D kagomé lattice is a line graph of the honeycomb structure 21 , and two dispersive bands, ǫ
These two dispersive bands touch at the corners (K-points) of the BZ and exhibit Diractype energy spectra, ǫ
, which implies a "particle-hole" symmetry with respect to the Fermi energy ǫ F = − 1. The corresponding eigenstates of H 0 (k) are given by
where the expressions of the components q ik and the normalized factor G n (k) for each band are given in Table I . Then, we introduce the intrinsic SOI term, which, according to the symmetry of the kagomé lattice, takes the form 10,22
Here λ SO represents the SOI strength, s is the vector of Pauli spin matrices, i and j are next-nearest neighbors, and d 
where b 1 =a 3 −a 2 , b 2 =a 1 −a 3 , b 3 =a 2 −a 1 , and the +(−) sign refers to spin up (down) electrons.
Inclusion of the intrinsic SOI in the Hamiltonian makes the appearance of the eigenstates |u nk and eigenenergies ǫ nk very tedious except for at some high-symmetry k points. Instead of writing their explicit forms, here we show in Fig. 2 (a) (solid curves) the numerically calculated energy spectrum for the total Hamiltonian H=H 0 +H SO along the high-symmetry lines (Γ→K, K→M, and M→Γ) in the BZ. The SOI coefficient is chosen to be λ SO =0.1t. For comparison we also plot in Fig. 2 (a) (dashed curves) the energy spectrum in the absence of SOI (λ SO =0). One can see that while the spin degeneracies is not lifted by the presence of the intrinsic SOI, nevertheless, the Dirac contacts of the lower and middle bands at the K point are removed and there evolves a direct gap between these two bands. The amplitude of this gap turns out to be ∆=4 √ 3|λ SO |. Similarly, the original contact at the Γ point between the middle and upper (flat) bands is also lifted by the presence of SOI and a gap with amplitude δ is opened. However, this gap is an indirect one, i.e., the middle-band maximum and upper-band minimum are not at the same k-point.
To see the behavior of the system in the insulating state, we have calculated the SHC using the following Kubo formula
The calculated result at zero temperature is shown in Fig. 2(c) by varying the Fermi energy ǫ F with the SOI coefficient λ SO =0.1t. From Fig. 2(c) , one can see that initially the SHC σ s xy decreases as the filling factors of the (spin-degenerate) lower band increases, arriving at the minimum value −(e/2π) at ǫ F =−1.35 (=−1−∆/2), a value corresponding to the top of the lower band. Then, as the Fermi energy ǫ F continues to vary in the first gap region (shaded area wherein −1.35 ǫ F − 0.65), the SHC keeps this minimum value unchanged. As shown in the following, this quantized SHC can be understood by the Z 2 -valued topological invariant associated with this quantum spin Hall phase 11 . When the Fermi energy increases to touch the bottom of the middle band at ǫ F =−0.65(=−1 + ∆/2), then the SHC suddenly switches up and rapidly increases when the Fermi energy goes through the middle two bands. When ǫ F increases at the top of the middle two bands (ǫ F =1.65), σ s xy arrives at the maximum value e/2π. Then as the Fermi energy ǫ F continues to vary in the second gap region (shaded area 1.65 ǫ F 2), the SHC σ s xy keeps this maximum value unchanged. When the Fermi energy increases to touch the bottom of the upper band at ǫ F =2, the SHC then suddenly switches down and rapidly decreases when the Fermi energy goes through the upper band. Finally the SHC σ s xy decreases to disappear when the three spindegenerate bulk bands are all fully occupied.
Topologically, the quantum spin Hall insulating state at 1/3 or 2/3 filling can be seen by calculating a selective Z 2 -valued invariant ν 11 , which is related to the parity eigenvalues ξ 2m (Γ i ) of the 2m-th occupied energy band at the four time-reversal-invariant momenta Γ i 24 . Very recently, Guo and Franz 22 have numerically calculated the eigenstate of H Γi and they found that three ξ's are positive and one is negative. Although which of the four ξ's is negative depends on the choice of the inversion ν is independent of this choice and determines the nontrivial Z 2 invariant ν=1. That confirms the kagomé lattice system to be a quantum spin Hall TBI at 1/3 (or 2/3) filling.
On the other hand, the topological aspect of the quantized spin Hall phase can be distinguished by the difference between the winding numbers of the spin-up and spin-down edge states across the holes of the complexenergy Riemann surface, I s =I ↑ − I ↓ 20 . The SHC is then given by σ s xy =I s (e/4π). Using this topological index I s we have investigated the quantum spin Hall effect in the Kane-Mele graphene model 20 . For the present kagomé lattice model we can also study the quantum spin Hall effect in terms of this topological winding index. For this purpose, let us first numerically diagonalize the total Hamiltonian H using the strip geometry. For convenience and without loss of generality, we suppose the system has two edges in the y direction while keeping infinite in the x direction [see Fig. 3(a) ]. The number of sites A (or B, C) in the y direction is chosen to be N y =40. The calculated energy spectrum is drawn in Fig. 3(b) . From this figure one can clearly see that there are spin edge states occurring in each energy gap. These gapless edge states in the truncated kagomé lattice are topologically stable against random-potential perturbation, provided that the perturbation is small compared to the bulk gaps. We have numerically confirmed this fact. The Riemann surface of Bloch function is plotted in Fig. 3 (c) for 1/3 filling. According to Ref. 20 , the winding number of spin-up (spin-down) edge state in the lower gap is I ↑ =−1 (I ↓ =1), which gives I s =−2 at 1/3 filling. That means the SHC in this phase is quantized as σ s xy =−(e/2π). The Riemann surface of Bloch function at 2/3 filling are the same as that at 1/3 filling, except that the directions of the curves corresponding to different spin channels are inverse. So the winding number of spin-up (spin-down) edge state in the upper gap is I ↑ =1 (I ↓ =−1), which gives I s =2. The corresponding SHC at 2/3 filling is then quantized as σ s xy =e/2π. These conclusions are consistent with those calculated by using the Kubo formula (7) [see Fig. 2(c) ]. Note that although the non-trivial Z 2 invariant ν=1 in the bulk analysis can confirm the quantum spin Hall TBI phase, it does not provide the information on the sign of the SHC. In contrast, our winding-number analysis can resolve this sign at different fillings (i.e., σ s xy =∓(e/2π) at 1/3 and 2/3 filling, respectively).
The topological properties of the system in the insulating state are stable even when the Rashba SOI is considered. To clearly see this fact, we numerically calculated the SHC σ s xy with the Kubo formula (7) when the total Hamiltonian includes the Rashba SOI
where λ R is the Rashba coefficient andd ij is a vector along the bond the electron traverses going from site j to i. The calculated SHC is drawn in Fig. 4 for different values of λ R . Clearly, one can see that the amplitude of SHC in the insulating phase keeps e/2π unchanged when the Rashba SOI strength 0 λ R /t<0.1. When the Rashba SOI is sufficiently large (for example λ R =0.2t), the amplitude of SHC will depart little from the quantized value. However, the topology of this insulating state keeps unchanged, unless the bulk gaps disappear. In the following let us consider the spin-charge separation in the 2D kagomé lattice. If we reconnect the calculated and shown in Fig. 6(a) , while the spin-density distribution for the spinon f +(1/2)↑,−(1/2)↓ is plotted in 6(b). Here, we use a 24×24 lattice for calculation.
The quantum statistics of these spin-charge separated solitons can be readily seen by using anyon fusion argument 14, 26 , which is based on the observation that the bound states of fractional excitation acquire non-trivial Berry phases on adiabatic exchange. Since the spin-up and spin-down bands in the present case decouple, so without loss of generality, let us consider a bound state of two identical spin-up solitons f (1/2)↑ (or f −(1/2)↑ ), which carries charge −e (e) and flux 2π∼0 thus is a fermion. According to the anyon fusion rule, which states that the exchange phase Θ of a particle formed by combining n identical anyons with exchange phase θ is Θ=n 2 θ, one easily obtain that the exchange phase between two identical solitons f (1/2)↑ (f −(1/2)↑ ) should be 1/4 that of fermions, i.e., θ(f (1/2)↑ , f (1/2)↑ ) (or θ(f −(1/2)↑ , f −(1/2)↑ )=±π/4. Next let us consider a bound state of an f (1/2)↑ and f −(1/2)↑ soliton, which carries charge 0 and should be a boson. Then the exchange phase between solitons f (1/2)↑ and f −(1/2)↑ is given by θ(f (1/2)↑ , f −(1/2)↑ )=∓π/4. Since the spindown band is the Hermitian conjugate of the spin-up band one obtain θ(f α1↓ , f α2↓ )=−θ(f α1↑ , f α2↑ ). Substituting these results into the formula calculating the exchange phase between spin-charge separated solitons θ(f α1↑β1↓ , f α2↑β2↓ )=θ(f α1↑ , f α2↑ )+θ(f β1↓ , f β2↓ ), one immediately concludes that the spinons, holon, and chargeon are all bosons. However, each spinon has nontrivial mutual exchange phase π with the chargeon and holon.
Before ending this paper, we would like to point out that the ways creating the spin-charge separated solitons in the kagomé lattice are not the only one. Recently Guo and Franz 22 suggested one possible realization of fractional charges ±e/3 or ±2e/3 by trimerizing the kagomé lattice, like the 1D way proposed by Su and Schrieffer 27 . Based on this possible realization, if we introduce the intrinsic SOI in the considered Hamiltonian, then the spincharge separated excitations are expected to appear with fractional charges ±e/3 and spins ±ℏ/2 and ±ℏ/6. We leave this and the other interesting related problems to future study.
In summary, we have theoretically studied the quantum spin Hall effect and the spin-charge separation in the 2D kagomé lattice. By using the topological winding numbers of the spin-edge states on the complex-energy Riemann surface, we have obtained that the SHC is quantized as ±(e/2π) when the system is in the insulating phase, which is consistent with the Z 2 topological invariant analysis and the numerical linear-response calculation. Furthermore, we have constructed the spin-charge separated solitons in kagomé lattice by connecting the system's boundaries in twist. The quantum statistics of these solitons has also been discussed. 
